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ABSTRACT: The relation between the bosonic higher spin W,,|A] algebra, the affine 
Yangian of gh, and the SH* algebra is established in detail. For generic À we find 
explicit expressions for the low-lying W,.|\] modes in terms of the affine Yangian 
generators, and deduce from this the precise identification between A and the pa- 
rameters of the affine Yangian. Furthermore, for the free field cases corresponding 
to A = 0 and À = 1 we give closed-form expressions for the affine Yangian genera- 
tors in terms of the free fields. Interestingly, the relation between the Wo modes 
and those of the affine Yangian is a non-local one, in general. We also establish the 
explicit dictionary between the affine Yangian and the SH° generators. Given that 
Yangian algebras are the hallmark of integrability, these identifications should pave 
the way towards uncovering the relation between the integrable and the higher spin 
symmetries. 
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1 Introduction 


The higher spin — CFT duality allows one to get a glimpse at the large symmetry 
algebra underlying string theory [1-3]. Indeed, the higher spin symmetry of string 
theory is believed to appear at the tensionless point in AdS [4-6], where infinitely 
many fields of spin greater than two become massless and give rise to a Vasiliev 
higher spin theory [7]. A concrete description of this phenomenon was found for the 


case of AdS; in [8], and at least for this specific background, it is now possible to 
study the large unbroken symmetry algebra of string theory in detail. 

The tensionless point of string theory on AdS is dual to the free limit of the 
dual field theory, at which the integrable structure of the field theory should have an 
explicit realization. It is then a natural question how the integrable structure relates 
to the higher spin and the stringy symmetries. In this paper we begin to explore 
this question by studying the relation between the higher spin (and the stringy) 
symmetry algebra on AdS, and certain Yangian algebras. Yangian algebras appear 
naturally in spin-chain models and are a hallmark of integrability. More specifically, 
we shall explore this question for the original bosonic version of the higher spin — 
CFT duality [9]. 


Some time ago it was noted [10, 11] that the affine Yangian of gl, (as defined in 
[10, 12]) is isomorphic to W,,.|A], the asymptotic symmetry algebra of the bosonic 
higher spin theory on AdS3.' This isomorphism arises as the rational limit of the 
equivalence between the quantum-deformed Wi+o algebra and the quantum toroidal 
algebra of gl, [10], generalizing the construction of [13] to the toroidal case. The 
toroidal isomorphism was first pointed out in [14], and the definition of the quantum 
toroidal algebra (or quantum affinization of the affine Lie algebra) of gl, was inspired 
by [15]; the toroidal isomorphism was also independently re-derived in a series of 
papers [16-18]. More recently, the construction of the quantum toroidal algebras 
was generalized further to arbitrary quiver diagrams in [19]. 

In [11] Prochazka proposed a concrete dictionary for how the parameters of the 
affine Yangian of gl, and W,,..[A] are related to each other, and gave circumstantial 
evidence for this by comparing the structure of some representations. In this paper 
we confirm his claim independently by constructing the low-lying W,.[A] generators 
explicitly in terms of the affine Yangian generators. This allows us to determine 
the two structure constants that characterize the W,,|A] algebra [20] — the central 
charge c and the OPE coefficient C3, describing the coupling of two spin-3 fields 
to the spin-4 field — and thereby check the proposed dictionary. We also establish 
this identification for the two free field cases, the free fermion case corresponding to 
A = 0 (which was already analysed in [11]) as well as the the free boson construction 
leading to the algebra with À = 1. 

One of the interesting lessons of our analysis is that in general the modes of the 
local fields of the W..|A] algebra involve infinite linear combinations of the Yangian 
generators, reflecting the inherently non-local structure of the Yangian algebra. Our 
analysis also allows us to clarify the way in which the triality symmetry of the W..[A] 
algebra arises in the affine Yangian description. 


‘Strictly speaking, the actual symmetry algebra is W,.[A], and does not contain the spin-one 
current, but the spin-one current can be easily decoupled and does not play an important role in 
the following. 


The affine Yangian of gl, is also believed to be isomorphic to the spherical degen- 
erate double affine Hecke algebra, also called SH* algebra, of [21]. (In fact, the affine 
Yangian of gl, was first constructed (in the RTT formulation) by [22] at around the 
same time as [21], in the context of proving the AGT correspondence.) While this 
relation seems to be known to the experts, an explicit description of the underlying 
isomorphism does not seem to exist in the literature, and we have therefore also 
included an explicit account of it here. Among other things this allows us to explain 
how different natural classes of representations are related to one another. 


All of these considerations concern the original higher spin symmetry algebra 
Wa, rather than the stringy symmetry algebra, i.e. the Higher Spin Square [23]. 
This therefore suggests that the integrable structure should already be visible in 
terms of the higher spin theory, and may not require including the stringy degrees 
of freedom. It would nevertheless be very interesting to understand how the Higher 
Spin Square algebra can be brought into the fold. On the face of it, it also seems 
to correspond to some Yangian algebra [23], but this does not seem to be directly 
related to the Yangian algebras we encounter in this paper. 


The paper is organized as follows. In Section 2 we briefly review the structure of 
the affine Yangian of gl, and the higher spin algebra W,,[A]. Section 3 is concerned 
with working out the relation between the two structures. We also explain (in Sec- 
tions 3.4 and 3.5) how the triality symmetry is realized, and how the representations 
can be identified. Section 4 deals with the two free field realizations that provide spe- 
cific incarnations of the general dictionary, and in Section 5 we establish the detailed 
correspondence with the SH° algebra. Finally, Section 6 contains our conclusions. 
There is one appendix in which some of the details of the construction of the spin-4 
field of W..[A] in terms of affine Yangian generators is explained in some detail. 


2 The affine Yangian and Wi. [A] 


We begin by reviewing the structure of the affine Yangian in Section 2.1, and that 
of W,+.0[A] in Section 2.2. 


2.1 The affine Yangian of gl, 


The affine Yangian of gl, is the associative algebra generated by the generators ej, 
fj, and Y; with j = 0,1,..., subject to a set of commutation and anti-commutation 
relations that are most easily described in terms of the generating functions [10] 


(=P sh I=L gh Walta Loh, eM 
I= I= I= 


where z is a ‘spectral’ parameter, and 03 = hyhgh3. Here (hy, ho, h3) is a triplet of 
parameters whose sum is zero 


oi = hi + ha +h =0, (2.2) 
and we denote their symmetric powers by 
O2 = hiho + həhs + hyhs A 03 = hihəhs : (2.3) 


In order to describe the relations we introduce the function 


(z + hi)(z + ho)(z +h) 28 +022 +03 


p= (z — hi)(z — ha)(z — hg) ~ 234 O22 — 03” (aa 


which satisfies the obvious identity 


plz) p(-2)=1. (2.5) 


The relations of the affine Yangian are then 


e(z)e(w) ~ y(z—w)e(w) e(z) (2.6) 
F(z) flw) ~ elw- z) flw) fle) (2.7) 
plzje(w) ~ vlz—w)e(w) ¥(z) (2.8) 
Wz) fiw) ~ p(w- z) fw) vz), (2.9) 


where ‘~’ means equality up to terms that are regular at z = 0 or w = 0. (Note that 
in eq. (2.1) the generators of the algebra are all associated to singular terms of the 
spectral parameter.) In addition we have the identity 
1 yi) - vw) 
e(z) f(w) — f(w) e(z) == (2.10) 


03 z— w 


as well as the Serre relations 


` (2701) — 227(2) + Zn(3)) €(Zn(1)) €(Zn(2)) €(Zn(3)) =0, (2.11) 


TES3 


together with the same identity for f(z). This formulation is particularly suited for 
describing the representation theory of the affine Yangian as we will see at the end 
of this section. 


In order to get a feeling for what these relations mean, it is useful to write them 
out in terms of modes. For example, multiplying the first equation (2.6) by the 
denominator of (2.4) we obtain 


o3{e(z),e(w)} = ((2 — w)? + oa(z — w)) [e(z), e(w)] , (2.12) 
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which upon expanding out in terms of modes leads to the relation 


o3{ej,ex} = [ej+s, ex] — 3lej+2, extal + 3lej+1, e€k+2] — lez, en+a] 


+09 lej+1, ex] — 02 le;, ek+1] : (2.13) 


The other cases work similarly, and we find in addition the identities (see also [11]) 


0 = [Yy Y] (2.14) 
—o3{ fj, fe} = Uj: fe] — 3 fi+2, feta] + 3lfjti ferl — Lf fos] 

+l fist, Sal — alti, feta] (2.15) 
Vite = ley, fal (2.16) 

o3{vj, ex} = Mj, ex] — 3+2, extal + 3[%541, ex+2] — (vj, ext] 
+02|[Hj+41, ex] — azl, ext] (2.17) 

—o3{v;, fe} = Wis, fel — 3hr, feril + 3[ 541, fete] — Wj, fr+a] 
+o2[bj41, fe] — oal, Sets] » (2.18) 


together with the low order relations 


wo, e;] = 0 , l1, e;] =0 ’ [wo2, ej] = 2€; ’ (2.19) 
and 
lvo, fil =0 ’ W, fil =0 , Y2, fil = —2fj ’ (2.20) 


as well as the Serre relations 


SYM (4, jaja) Eh lesa, eja+1]] =0, SYM (5, 52,53) Sj lja fist] =0. (2.21) 


It is immediate from the above commutation relations that the affine Yangian 
contains two central elements, namely Wp and Yı. In a given representation, the alge- 
bra is therefore characterized by four independent parameters: Wo and Yı, together 
with o2 and a3. However, not all four parameters are independent since the algebra 
possesses a scaling symmetry 


Wa Ue, Crete, jira fs (2.22) 


under which the above relations remain invariant provided we also scale a2 œ> a?o» 
and 03 +} a°03, i.e. 
hy > ah; . (2.23) 


Thus the algebra actually only depends on three of the four parameters 02, 03, Wo 
and yı; in particular, we may consider the scale-invariant combinations 


oxo, o898, and yeyi. (2.24) 
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There is a very natural class of representations of the affine Yangian of gl, which 
are of interest in the connection to the W,, algebra.” These representations are best 
viewed in terms of plane partitions, i.e. three-dimensional box stacking configura- 
tions.? They are special in that they have a finite number of states at every level 
and thus possess infinitely many null states; they are discussed in some detail in 
(11, 25], and we only summarize the salient aspects which we will draw upon later. 
A generic plane partition representation is labelled by three Young tableaux. These 
Young tableaux correspond to the asymptotic box configurations (along the three 
positive axes) of a three dimensional box stacking configuration. A valid stacking is 
one in which the number of boxes are non-increasing as one moves from any site to 
a neighboring site along any of the three positive directions (see Figure 1). 


e m= 
= 
Ko = 


vacuum (Ey 


Figure 1. There are four types of plane partition representations, depending on how many 
of the three asymptotics are non-trivial. 


The highest weight state of a representation (labelled by three Young tableaux) 
is the plane partition configuration with the minimum number of boxes consistent 
with the specified asymptotics (the blue boxes in Figure 1). The other states in the 
representation are obtained by the repeated action of the Yangian generators on this 
representation (given by the yellow boxes in Figure 1). This action is given in terms 
of adding/removing boxes from a given valid stacking configuration. To be specific, 
we have the action of the generating functions (2.1) [11] 


Ylz)lA) = valz)IA) , (2.25) 
-+ Resp- Va lw)? 
e(z)IA)= Y [zz aoon )] |A+0), (2.26) 
eAdd(A) 
—+Res,,-ncyva(w 2 
f@IA= SO Fin ees )] a-p, (2.27) 
ERem(A) 


?Strictly speaking, they define representations of W+, but as explained below, see Section 2.2, 
the u(1) part can be easily decoupled. 
3For a good introduction on combinatorics of plane partitions, see [24]. 


where ‘Res’ denotes the residue. Thus w(z) acts diagonally on a plane partition 
configuration A with eigenvalue 


vate) = (1+ 2%) TT o(z- A), (2.28) 
EA 
where 
hO) = ha(O) + hay) + haz(E) (2.29) 


with x(O) the x-coordinate of the box, etc. The RHS of the second and third lines 
indicate that the action of e(z) and f(z) give rise to configurations with one more 
(or one less) box. The sum is over all plane partition configurations of this kind. 

In this language, the vacuum representation of Wi+oo is the plane partition with 
trivial asymptotics, i.e., its highest weight configuration has no boxes. The character 
of this representation thus counts all finite plane partitions whose generating function 
is given by the MacMahon function. The minimal representation is the next simplest 
case, which has a single box Young tableau boundary condition in one of the three 
directions (and trivial asymptotic behaviour in the other two). We immediately see 
that triality, which acts by interchanging the h; and the three axes, gives rise to 
two other minimal representations, which have the same character (up to an overall 
factor involving the conformal dimension of the highest weight), in agreement with 
the prediction of [20]. 


2.2 The algebra Wıi+oæ[A] 


The algebra W+.0[A] is the W algebra that is generated by one independent field 
for each spin s = 1,2,3,.... Since it contains a spin-one field, whose commutator 
can only contain a central term and hence define a u(1) algebra, 


[Jms Jn) = MR Orin s (2.30) 


we can consider the coset of the W ,..{A] algebra by this u(1) field, and hence 
conclude that 
Wi+oælà] = u(1) B WoIA] , (2.31) 


see, e.g., the discussion in [26]. Here W..[A] is the W algebra generated by one field 
for each spin s = 2,3,...; as was shown in [20], this algebra is uniquely characterized 
by the value of the central charge c and the OPE coupling constant C$, describing the 
coupling of two spin-3 fields to the spin-4 field. This OPE coefficient is parametrized 
in terms of c and À as 


(C4)? = 64(c + 2)(A — 3)(c(A + 3) + 2(44 + 3)(A — 1)) 
1 (5e + 22)(A = 2) (c(A + 2) + (3A +.2)(A = 1)) 


(2.32) 


Since the numerator and denominator of (2.32) are cubic polynomials in A, there are 
generically three different values of A (which also depend on c since the coefficients 


of the polynomials are functions of c) that lead to the same OPE structure constant 
C3, and therefore to the same algebra. This is referred to as the ‘triality’ symmetry 
of the algebra. 

In addition to the two parameters (A, c), the algebra W1+..[{A] is also character- 
ized by the central term « in (2.30), as well as the eigenvalue of the central generator 
Jo. (The coset construction guarantees that Jo commutes with all generators of 
W|[A].) Obviously, xk can be rescaled by rescaling the Jm generators, but this would 
also modify the value of Jo; therefore the (scale) invariant quantity is 


(doy [Re (2:33) 


Hence the Wi4..{A] algebra is also characterized by three parameters, which we may 
take to be A, c, and the ratio (2.33). 


3 Relating W,+,.~[A] and the affine Yangian of gl, 


In this section we explain in detail the relation between Wi4.[A] and the affine 
Yangian of gl,. We start by identifying the spin-one and spin-two generators. 


3.1 Identification of generators 
3.1.1 The spin-one and spin-two generators 


Following [11] we identify the u(1) algebra of Wi4..|A] inside the affine Yangian by 
setting 
= =fos J_1=€0, (3.1) 


so that 
K= Wo : (3.2) 


The higher modes of the u(1) algebra can be obtained recursively by using the com- 
mutation relations 


E = tes (3.3) 


(Note that these Lm generators are the full Virasoro generators of the W\+.0[A] 
algebra; in particular, they do not commute with the u(1) generators.) In fact, it is 
enough to use the commutation relations with the Möbius generators L+; (instead 


of all Virasoro generators Lm), for which we make the ansatz 
Li = -fi 5 L = €]. (3.4) 
Then the scaling operator Lo is 


Lo = 5 Ea, L-1] — 5 V2 ) (3.5) 


from which we deduce that Jọ equals 
Jo = [L1, Ja] = —[fi, e0] = Y1 . (3.6) 


Note that (3.6) is then also equal to yı = [e1, fol = —[£-1, Jı], as required by 
consistency. The scale-invariant combination from (2.24) 


wide = (Jo)"/K , (3.7) 


matches then precisely with the invariant combination (2.33). 
In order to identify the higher Virasoro generators, we need to specify the form 
of the generators L+, for which we make the ansatz, again following [11] 


L-a = $([e2, eo] + 730 [e0, e1]) , La = —5([f2, fol + osvo [fo, fil) - (3.8) 


Using the commutation relations of the Virasoro algebra, this then determines re- 
cursively all Lm generators (upon taking repeated commutators with Lı and L4, 
respectively). The resulting generators then satisfy — we have only checked this 
explicitly for the first few cases — 
c 
[Lops Lal = (m=n)Lmint zm? —1) Omin , with c= —02W — 034% ` (3.9) 
Note that the parameters that appear in the definition of c are indeed scale-invariant, 


see eq. (2.24). In addition, the resulting generators are compatible with eqs. (3.3) 
and (2.30). 


3.1.2 The spin-three generators 


For the wedge modes of the spin-three generator we now make the ansatz 


W3, = —[e1, e2] (3.10) 
WwW? = —€) — toso €1 (3.11) 
We = t(— 2 — 7302) (3.12) 
W? = fat 5030 fi (3.13) 
Wy = -lfi fa] - (3.14) 


These modes are constructed so as to have the correct commutation relations with 
the Mobius generators 


[Lm, W8] = (2m — n)W3 


m+n 


for m = 0, 1. (3.15) 


However, the above ansatz cannot be quite correct since, for |n| < 2, the commutators 
with the spin-one modes Jm are 


[Jin, W3] = —2mL nin — sign(m) m(m + 2)ozYpoJm4n , (3.16) 


and hence are not of the general form predicted by [27] based on the locality of 
the fields — the offending term is the sign(m) term that is proportional to o3; it 
necessarily appears in the above commutators as one can conclude, for example, 
from 
[J1, WÈ] = 2Lo + 50340 Jo (3.17) 
Ji, w3] = —2 Ls = 203W0 J3 F (3.18) 
Thus the above W3 modes cannot be the modes of a local field. In order to repair 
this, we define the (non-local) generators (for n € Z) 


~ 1 a 1 
W, = 3 Dt FOUL =n) Inv: +T5(lel +2)(In| +1) Indo, (3-19) 


where O(m) is the step function defined by O(m) = 0 for m < 0, and O(m) = 1 
for m > 0. (Note that the O-function term guarantees that the mode numbers of 
the two J-modes in the first sum have opposite signs.) The W,, generators have the 
property that, for m = 0, +1 


[Lis Wn] = (2m — n)W man - (3.20) 
Furthermore, for |n| < 2, 
[Im Wn] = sign(m) m(m + 3) Vo Imin » (3.21) 


which follows from the commutation relations (2.30). Thus we can modify the defi- 
nition of W3 by this non-linear correction term to remove the strange term in (3.16). 
More specifically, if we define 


Vi =We+osWe , (3.22) 
the redefined modes satisfy 
la Ve | = Ori Lig iy - (3.23) 


This relation in fact remains true for the modes W3 with |n| > 3, provided we define 
the outside-the-wedge generators appropriately; a choice that works is 


W3 = =al Lfo, fall + 9" Uf, [fo, fil] — 7g (202 +o3ho toa) Fodd + FLA, fol » 
(3.24) 


and similarly for W3,, and then determining the remaining outside-the-wedge gen- 


erators by recursively considering the commutators with the Mobius generators L41. 


Then we can calculate the commutators with the Jm modes, and find for example 


[J 1, W3] = 225 (3.25) 
[J_2, We] = 4L: (3.26) 
[J_3, W3] = 6Lo + 50340 Jo (3.27) 

(Ji, W3] = —2L4 — 20300 J4. (3.28) 


— 10- 


One can check that the terms proportional to the J-modes are again cancelled by the 
commutator with the correction term w3, so that (3.23) is indeed true for n = 3 and 
m = —1,—2, —3, 1. Since all the other commutators can be recursively determined 
from these using the quasi-primary condition, i.e. the fact that the W? and W? modes 
satisfy (3.15) and (3.20), it follows that (3.23) holds for all modes. 

The V? modes are the modes of a quasi-primary, but not primary, spin-three 
field. Indeed, we find for the commutators with the Virasoro generators 


[Lm; V] = (2m — n) Van + 2 (62 + 0308) Jman - (3.29) 


While this commutator still contains a correction term proportional to J, the struc- 
ture of (3.29) is now compatible with locality [27]. 


3.1.3 The spin-4 generators and the spin-3 commutators 


The analysis for the spin-4 generators is similar. Since the details are somewhat 
tedious, we have moved the description of the construction to Appendix A. With 
the definition of the spin-4 generators at hand, we can then analyse the relevant 
commutators. First we determine by direct calculation the commutators of the W° 
modes 


(we, W3] = -4W4 (3.30) 


1 
W, WÈ) = 20 + (008 + doth — doe) La (3.31) 


where the W4 modes are defined in eqs. (A.2) and (A.3), respectively. Taking into 
account the correction terms, one then finds for the commutators of the V? modes 


[Vi", V3] = —4V3 + 03 bo X- (2m = 2)? JmJ2-m (3.32) 
m<0 
[V8 V] = —2Vf + L — 402) Lı + 1 3 po X (2m = 1) Jm (3.33) 
00 %1] 7 1 10 3 Yo 2) D1 9 73 Yo m mY1l—m ; . 
m<0 


where the V4 modes are defined in eq. (A.21). These commutators are now of local 
form — the JJ bilinear term has spin s = 4. 


3.2 Decoupling the u(1) currents 


The generators V? and V/ are the modes of a local spin-3 and spin-4 field of W,4[A], 
respectively. However, these fields are neither u(1) nor Virasoro primary, see, e.g. 
eqs. (3.23) and (3.29), and eqs. (A.22) and (A.23), respectively. As a consequence, 
it is difficult to read off from their commutators the relevant structure constants 
directly. On the other hand, we know on general grounds that we can decouple the 
u(1) current, see eq. (2.31), and that the resulting algebra must then be isomorphic to 
W.[A]. Thus it remains to perform this u(1) decoupling explicitly, following [26]. For 


—l1-—- 


the Virasoro generators, the analysis is quite standard, and we find for the decoupled 


generators 
Lm = Lm — a >, shido gi (3.34) 
These generators then give rise to a Virasoro algebra 
E TE E! £ mo-i; adjs, GW 
where the central charge equals now, cf. eq. (3.9) 
= =op — oZy — 1. (3.36) 


For the u(1) decoupled spin-3 field we find 


a Jm-ila : +3q Iniidae (3.37) 


This field is then primary with respect to both the u(1) and the decoupled Virasoro 


algebra, i.e. 


La = m= Moat: (3.38) 
The u(1) decoupled primary E wedge generators are 
ve = vi — = >, Š VJ: + F > Lr n— IJn Ji: 
0 nl 
= o2 — 0305 2 2 ; : 
+ in > EE E a ae — 5ml +m? +1): Imad: 
3(3030% + Tozo + 5) ( = z 3 z 
maili: -> (m+2)(m+3 La) 
Wo(5o2W8 + 502o — 17) >, a: 75h M ) 
(3.39) 
which satisfy for |n| < 3 
[Em Vn] = (3M —1)Vinen > [Im Vp] =0. (3.40) 


3.3 Determining the structure constant 


With these explicit expressions at hand, we can now determine the commutators of 
these u(1) decoupled modes and find 


peg ar 16(—0303 dopi) Wa = = 

V3, V3] = -40 + ; Dt Em Lom 

[Vo V2] 2" apol 5r2p + 50240 — 17) zZ : 

PENN ~,  (—023 — 40a — 8) - 

We, 72] = —2i74 4 eso too = 8) 5 (3.41) 


10Wo 


— 8(—03 03 — 4o — 8) ee he 
© Wo(5a2W8 + 5o2v9 — 17) ( bD {Lelia i +22) , 


m=— oo 


ZNAE 


This can now be compared with eq. (A.6) of [20]. Comparing (3.32) to the case 
m = 0, n = 2 of (A.6) in [20], we have the identifications 


č = —Y(o2 + 0247) — 1 (3.42) 
C+ = 16(030) + 402o + 8) 1 (—o32 — door — 8) 
N; = a = (3.43) 
16 Wo(503v% + 5dQWo = 17) 5 Wo 


In order to determine A it remains to compute at least one term in the commutator 
[V,3, V4]; the simplest case to consider is the coefficient of the O term in the com- 
mutator [V,’, V;'], where O° is the u(1) and Virasoro primary composite field of spin 
6, whose modes are of the form 


ef = 3 (m-n): Ln—-mV,. : + terms proportional to V8 , (3.44) 


m 


see eq. (A.10) of [20]. From the explicit form of the commutators we can read off the 
coefficient of OÉ in the commutator [V,?, V3'] to be 


18(—27 — 902o — 0343) 
5Wo(17 — 502o — 50309) © 
Comparing to eq. (3.4) of [20], this coefficient should equal RACE — recall that 


the central charge c of [20] needs to be identified with č defined by eq. (3.42) — from 
which we conclude that 


Ng _ 15(c + 2)(—27 — 9024 — 0348) 


(3.45) 


Ny, Havo(1T — Saaily — 50908) = 
Together with the previous expression (3.43), we therefore find 
Na _ 75(c + 2)(27 + 902o + 03) . (3.47) 
N? 14(8 + 409 + of08)(17 — 5020 — 50308) 
This is now to be equated with, see eq. (3.4) of [20], 
Na 75(e + 2)(A — 3)(c(A + 8) + 2(4A + 3)(A — 1) 
N2 14(5c + 22)(A — 2) (c(A + 2) + (3A 4 2)(A—1)) ’ Pan 
from which we conclude that 
(27 + 902o +0303) _ (A = 3) (e(A + 3) + 2(4 + 3)(à — 1)) (3.49) 


(8 + 402o + 033) (A — 2)(c(A + 2) + (8A + 2)(A — 1) 
In order to explain the relation between the two sets of parameters, it is now conve- 
nient to parameterize c and À in terms of the coset labels (N, k) via 
N(N +1) 
(N+k)(N+k-+1) 


e=(N-1)(1- Js a (3.50) 
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and the o3 and gz variables in terms of hı, hy and hg, see eq. (2.3). Then one checks 
by direct computation that the relations c = ¢ of eq. (3.36) and eq. (3.49) are exactly 
compatible with the proposed identification of the parameters [11] as 


po=N , (3.51) 
and 
= /N+k+1 | N+k 1 
N+k ’ N+k+1’ VN FKN +k+1) 
(3.52) 


This calculation therefore establishes the identification of parameters proposed in 
[11]. 


3.4 Triality symmetry 


Recall from the analysis of [20] that the triality identifications of the (N, k) param- 
eters are generated by the two fundamental transformations 


m:NwN, kry—-2N-k-1 (3.53) 


and N ten 
N 2 54 
Pa? ki NIR (3.54) 


see eq. (3.10) of [20]. These transformations act on the (N, k) parameters as follows: 


(N, k) 
A oe 
N 1-N 
(N,—-1—2N — k) (aaa 
; i 
N NH5 N N-1 
(wl Nak) ~ N+K+1? Wee! 


~ A 


Si = 


Under these transformations the structure constant (2.32) remains invariant, and 
hence the W» algebra does not change. In terms of the \ parameters, 7, exchanges 


N N 
EI > MWI n 3.55 
1! N+k 2 N+R41’ (Aaa 
(while leaving å = N invariant), and m2 exchanges A2 © 3 (while leaving Aı 


invariant). 


= j4— 


In this section we want to understand the incarnation of this symmetry in the 
language of the affine Yangian. Under the transformation 7,, N (and hence po) does 
not change, and 


mı: (N+k+1)4H-(N+84), (N+k)H-(N+k+1). (3.56) 


Eri 


Writing both signs as e¥™ — if we think of the transformation (3.53) as arising from 
some analytic continuation of k, both signs have the same form — then under the 
action of 71, hy œ> —h2, hg œ> —hy, while h3 +> —h3. The overall sign of the h; can 
be absorbed by the rescaling with a = —1 , see eq. (2.23), and this does not modify 
Wo = N, see eq. (2.22). Thus we conclude that the transformation 7, acts on the h; 


parameters of the affine Yangian as 
TI : hı + he, (3.57) 


while leaving h3 invariant, i.e. as the permutation (12). 

The analysis for the case of 72 is analogous. Now N is transformed to N/(N +k), 
and hence we need to rescale the resulting expressions with a = (N + k)~'/?, so as 
to bring Wo back to its original form. If we apply this a transformation also to the 
hi, then one finds that 72 corresponds to the transformation 


To : ho —> hg 3 (3.58) 


while leaving hı invariant. (For example, one finds 72(h,) = VN +k + 1, and then 
rescaling by a = (N + k)~'/? indeed gives back hy.) 

The two triality transformations therefore correspond to the permutations (12) 
and (23) acting on the h; parameters, while keeping wo invariant; they therefore 
generate the full permutation group (acting on the h;). The triality symmetry acts 
trivially on the algebra, but exchanges the representations via the natural (geometric) 
permutation action of the h;. This explains, from first principles, the observations 
made in [11]. 


3.5 The universal enveloping algebra and representations 


Finally we should be a bit more precise in how the the affine Yangian of gl, and 
W4.0|A] are related to one another. Recall that the former is an associative algebra, 
while the latter is a commutator algebra. So far, we have confirmed that at least 
the first few generators of W14..[A] can be expressed in terms of generators of the 
affine Yangian so that the commutation relations of W,+..[A] follow from the defining 
relations of the affine Yangian. 

We have not found a general formula for an arbitrary W14..[A] generator in 
terms of affine Yangian generators, except for the two free field constructions that 
will be described in Section 4. However, we have found identifications (for general 
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A) for the first few W ,..[A] generators, and in each case the identification was of 
the triangular form 


es = +V*}" + correction terms with fields of lower spin , (3.59) 
fs = +VE™ + correction terms with fields of lower spin . (3.60) 
In particular, this is the case for fo = —Ji, fi = —Lı (as well as eọ = J_; and 


e1 = Lı), see eqs. (3.1) and (3.4). Similarly, W3} = —e + lower spin terms, see 
eq. (3.11), and W4, = e3 + lower spin terms, see eq. (A.3), and similarly for W? and 
W;. (The correction terms that lead to the actual local modes V3, and V$ are also of 


lower spin.) Thus this dictionary suggests that we can express recursively not only all 
W400[A] generators in terms of affine Yangian generators, but also conversely all e, 
and f, generators (and hence also all Y, generators) in terms of W,4..|A] generators. 
Since the affine Yangian algebra is the associative algebra generated by the modes 
es, fs and Ys, it then follows that the affine Yangian is isomorphic to the universal 
enveloping algebra of Wi4.0[A]. 


In particular, it therefore follows that the affine Yangian of gl, and W,4.|A] 
share the same representation theory. At least generically, i.e. as long as the vacuum 
representation does not possess any non-trivial null-vectors, the representations of 
the vertex operator algebra associated to W +..[A] are in one-to-one correspondence 
with those of the universal enveloping algebra. Indeed, the vertex operator algebra 
associates a mode to every state of the vacuum representation, and these can always 
be described in terms of normal-ordered products of monomials of the generating 
modes; conversely, every element of the universal enveloping algebra can (at least 
formally) be written as a sum of modes of the vertex operator algebra. We there- 
fore conclude that the representations of the vertex operator algebra associated to 
W,400|A] are in one-to-one correspondence with those of the affine Yangian of g4. 

As explained in Section 2.1, the set of plane partitions with given asymptotics 
(5, 23%) S@) furnishes a natural representation of the affine Yangian of gh. A 
plane partition is an eigenstate of W(z), with eigenvalue given by (2.25), and e(z)/f(z) 
acting on it by (legally) adding/removing boxes, see eqs. (2.26)/(2.27). Therefore 
the set of plane partitions with given asymptotics (2%, 2%), 20) also defines a 
representation of the W,,,., algebra. 

Depending on how many of the three asymptotics are non-trivial, there are four 
different types of plane partition representations, see Figure 1. If at most two 
boundary conditions are non-trivial, and applying the triality symmetry if neces- 
sary, we may assume that =) = 0, i.e. that the boundary condition is described by 
(=, =), 0). Then the representation can be identified with a representation of the 


coset 
su(N);, ® su(N); 


su(N asi 


(3.61) 
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where = and &™ are representations of the su(N), and su(N),41 algebra, respec- 
tively.* In the context of the dual higher spin theory, these three types correspond 
to the vacuum, the perturbative states in Vasiliev theory, and the non-perturbative 
states, respectively [20]. The last type, i.e. the one where all three asymptotics are 
non-trivial, does not seem to have an interpretation in terms of the coset theory, i.e. 
it does not arise as the large (N, k) limit of a coset representation. As far as we are 
aware, it defines a new type of representation of W,,., that has not been constructed 
via any other method. 

The generating function of a plane partition representation (2, =), =)) counts, 
at level n, the number of ways to stack n boxes (the yellow ones in Figure 1) on top of 
the ground state, given by the minimal configuration obeying the boundary condition 
(5, =) 2) (the blue configuration of Figure 1). For the coset type representa- 
tions (i.e. for Z® = 0), the plane partition generating function is identical to the 
character computed via the Kač-Weyl formula [17]. One advantage of the plane par- 
tition viewpoint in describing representations of W, even those of the coset type, is 
that it is much easier to compute the character via the combinatorics of box stack- 
ing than using the Kač-Weyl character formula. For example, this idea was used to 
identify the twisted sector representations of the symmetric orbifold in [25]. 

The plane partition representations are quasi-finite, i.e. there are only finitely 
many states at each level. We note that the affine Yangian (as well as W,,,[A]) also 
possess larger representations; for example, for A = N there are also representations 
that are labelled by N independent Young diagrams. (This follows from the fact 
that the algebra SH°, which is isomorphic to the affine Yangian of gh, see [28] and 
Section 5 below, has such representations, see e.g. [29].) 


4 Free field realizations 


For A = 0 and A = 1, the W [à] algebra has a free field construction in terms of free 
fermions and free bosons, respectively. Thus we should expect that, for these values 
of A, we can find closed-form expressions for the affine Yangian generators in terms of 
the corresponding free fields. For the case of A = 0 this description was already found 
in [11] (and we shall only briefly review it below), while the construction for \ = 1 
appears to be new. The fact that at least for these special values of À we can establish 
a closed-form dictionary between the affine Yangian and the W, generators gives 
strong support to the idea that the partial dictionary we established in Section 3 can 
be generalized to all spin fields. 

Before we describe the details for the two cases, we would like to make one 
general comment. The case À = 0 correspond to taking k — oo at fixed N, while 


4Here we assume that N and k are sufficiently large so that the truncations that appear at finite 
N and k can be ignored. 
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à = 1 is described by taking N — oo at fixed k. In either case, co and o3, defined 
by eq. (2.3), become 
1 : =--!1 
02 = —l1 — = -1, 
j (N+k)(N+k+1) 
1 
03 = — =0 


J(N+k)(N+k+1) 


In particular, the non-local correction terms of Section 3 and Appendix A are ab- 


(4.1) 


sent since they are proportional to 03, see eqs. (3.22) and (A.21). Furthermore, 

at least formally, the anti-commutator terms in the definition of the affine Yangian 

in eqs. (2.13), (2.15), (2.17) and (2.18) drop out. However, there is one important 

subtlety: in the relations eqs. (2.17) and (2.18), a3 is multiplied by ~,;, and for 

j = 0, Wo = N is taken to infinity for A = 1. Hence while for A = 0 all of these 

anti-commutator terms are indeed absent, for A = 1, the expression 03W) becomes 
N 


=~ TNR Ra aie (4.2) 


and hence leads to a correction term for the special cases 


lhs, ek] = 3[%2, ek+1] — 3[a1, ek+2] + [Wo, ex+a] + v1, ex] — [Vo, ek+1] — 2€x 
= 6ek+1 = 2ek s (4.3) 


and 


Ws, fel = 3[V2, enti] — 31, ena] + [Wo, er+3] + [1 ex] — [Wo, ex+1] + 2 fr 
= fi + e (4.4) 


This will be important in our construction below. 


4.1 The free fermion construction 


The construction for A = 0 was already given in [11], and hence we shall be brief. 
We start with N free complex fermions y’ and 7’ with i = 1,..., N. The bilinear 
U(N) singlets (where we take the 7" to transform in the fundamental representation 
of U(N), and the 7" in the anti-fundamental) generate the linear W14% algebra [30- 
32], see also [26]. Thus the Yangian generators should also be expressed in terms of 
such bilinears, and one finds that 


b= E Pem- p-m p) nbh 


meZ+ł i=l 
A — « 
Ís = ` X (-m + $)° : W pia a) (4.5) 
meZ+4 i=l 
N 
es = — ip X (-m ~~ i Y m—1Pm 
meZ+h =I 


— 18 — 


satisfy all the relations of the affine Yangian at 03 = 0, 02 = —1. Note that the 
definition of wo formally vanishes, but that in order to reproduce the correct central 
charge č = N — 1 in (3.42) we should set w% = N. (Since vo is central and since 
all anti-commutators drop out, we are free to set Wo to any value we chose without 
modifying the defining relations of the affine Yangian.) 

One can also check that the above generators give rise to the correct W-generators 
using our general identification between the W generators and the affine Yangian 
generators. For example, we have from eq. (3.13) 


WÈ = fa + joto fi = fo (4.6) 


in the A —> 0 limit, leading to 


N 
W3 = So (m= 5) Tlen (4.7) 


meZ+4 i=1 


which reproduces the usual free field answer, see e.g. eq. (2.8) of [26]. (Recall that at 
o3 = 0 there is no difference between the V,? and the W3 generators, see eq. (3.22).) 


4.2 The free boson construction 


The situation for the free boson case is slightly more subtle. We start again with k 
free complex boson fields, whose modes satisfy the commutation relations 


[ons OF] = 76 bmn » (4.8) 


while all other commutators vanish. The U(k) singlets (where the a‘, /a!, transform 
in the fundamental/anti-fundamental representation of U(k)) generate now only a 
linear W algebra, and there is no spin-one generator. As a consequence, we should 
only expect to be able to express the affine Yangian generators e,, fp with r > 1 and 
ws, with s > 2 in terms of these free fields; note that the algebra generated by this 
subset of fields is a well-defined subalgebra of the affine Yangian algebra.° For these 
generators we make the ansatz 


k 
f=- Y (mt) hap: 


mEZ j=1 
k 
= > (ny aT (4.9) 
mEZ j=l 
k * i 
Pr = $ So (m +1)(-m)? + (-m+ )"") a A m:i, 
mEZ j=1 


5It is also worth pointing out that this subset of Yangian generators will only correspond to the 
wedge subalgebra of Wao — all the modes below will be from within the wedge. 
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where the y, modes are determined by the condition |e,, fe] = Yr+s, see eq. (2.16). 
Note that with respect to the hermitian structure defined by (a/,)' = @/,,,, we have 
el = —f,. These modes then satisfy all relations of the affine Yangian algebra. In 
particular, the commutators of two e, generators are 


fr fel = D (-m+1) (=m +2)" = (=m +2)" (-m+1)°) : ahah m: 


mEZ j=1 


(4.10) 
and similarly 


ler, es] ye (—m— 1)° —(=m=1)" (=m?) : of A a m2» (4.11) 


mEZ j=1 


It is then straightforward to check that they satisfy the relations (2.14) — (2.17) with 
02 = —1 and o3 = 0, as well as (2.21). One also confirms directly that they indeed 
give rise to the correct initial conditions 


Wo, fr] = —2fr , Ws, fe] = —6 feria + 2f, (4.12) 
Ya, ex] = 2er , (V3, ex] = bek+1 — 2er . (4.13) 
Here we have used that since the Y, are only defined for s > 2, only the last equa- 
tion from eq. (2.19) and (2.20) makes sense, and because of (4.3) and (4.4), the 
commutator with w3 has indeed the required form. 
Again, we can also check that the above generators give rise to the correct W- 
generators using our general identification between the W generators and the affine 
Yangian generators. For example, we have from eq. (3.13) 


= fot inhi = h= shi, (4.14) 
where we have taken the A — 1 limit. This leads to 
k 
=) Diag) Ono (4.15) 
meZ j=l 


which reproduces (up to an overall normalization factor) the usual free field answer, 
see for example eq. (2.5) of [33]. (Again, at 03 = 0 there is no difference between the 
V? and W generators, see eq. (3.22).) 


5 The relation to SH° 


The affine Yangian is believed to be isomorphic [11, 28] to the spherical degenerate 
double affine Hecke algebra, the so-called SH°® algebra of [21], although the detailed 
dictionary has, to our knowledge, not been written down before. In this section we 
exhibit this isomorphism in detail; we also explain how this fits together with the 
equivalence to the universal enveloping algebra of W+.0/A]. 
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5.1 The SH° algebra and its isomorphism to the affine Yangian of gl, 


The definition of the SH° algebra is spelled out in Def. 1.31 of [21]; here we follow the 
description of the algebra in terms of generating functions that was worked out in 
[34, 35]. The definition of SH° is not manifestly triality invariant; in order to rectify 
this, it is convenient to choose an arbitrary parameter hı, and define ho and hg, using 
the parameters « and € that appear in [21] via 


k= €=1-K=-—. (5.1) 


D4 (2) = > (ha? Dang and Dolz) = p Ma) Dost . (5.2) 


[Do(z), Polw)] = 0 (5.3) 
[Do(2), Palu) = = Pal) (5.4) 
Pat) Daw] = -E | (55) 
where £(z) is the generating function of the modes E 
E(z) =1-hs > ee , (5.6) 


which are related in turn to the Do, modes by eq. (1.73) of [21]. To express this 
relation more conveniently, we introduce ¥(z) via [35] 


7 Sl hı) Do +1 
x)= | dz! Do(2") = Do; log (> ) =o st Ma) Dogri (5.7) 
j=1 


zi 


and then define V(z) as 


X(z—h1) -Æ (z—h2) 
— geje e 
Y(z) =e et @eXleths)” 


where c(z) is the generating function of the central charges 


e(z) = > vay (5.9) 


Then we have the simple relation 
(5.10) 
It was shown in [35] that, on the N-tuple Young diagram representations (that form 


a faithful representation of SH°, see Corollary 8.7 of [21]) the SH° relations imply, 
see eq. (2.30) of that paper, 


VE) Dalu) ziy = -wth Pafu) AE [PEF] DHE) 6.11) 
where g(z) is defined via 
_ (e+hi)(z + he) 
g(z) = Lon . (5.12) 


Note that the second term in (5.11) only corrects for the poles that are explicitly 
introduced by the function g(z); in particular, multiplying the whole equation by 
(z —w+h3)(z — w) we obtain 


(z-—w+hs3)(z — w) V(z) Dy (w) TO = (z — w — hə)(z — w — hı) Dy (w) 


hıh 
J- ~ (z—w)Dyi(zt+hs) (5.13) 
3 
hıh 
— ž (z— w + hs) Dii(z) . 
3 


The left-hand-side vanishes for z = w, while the right-hand-side then becomes 


(—ha)(—A1)D41(w) — 


hs Das(2)lecw = 9, (5.14) 


because of the second term. The other correction term similarly guarantees that the 
equations holds for z = w — hg. Using (5.10), eq. (5.11) then leads to the identity 


E(2) Das (w) a = p(z — w) Dya(w) 
2hyhehz D(z = hı) 
(hy = h2) (he = h3)(h3 = hı) (hs E hs) z—W— hy 
Bh p,y one fa) a hg) He =f) 
° toes) 


Again, the terms of the second and third line only correct for the poles that are 
explicitly introduced by (z — w) at z = w + h;i. Since these do not contribute to 
the terms that have both negative Fourier coefficients in z and w, which are the only 


=D). 


terms we are interested in, given the definition of the generating functions (5.2) and 
(5.6), we can write this identity as 


E(z) Dyi(w) ~ plz — w) Dai(w) E(z) , (5.16) 


where (z — w) is the same function as defined in (2.4). Similarly, we find for D_, 
the relation 

E(z) D_i(w) ~ ylw — z) D_1(w) E(z) . (5.17) 
These identities now look very similar to the relations that appear in the definition 
of the affine Yangian, see in particular eqs. (2.8) and (2.9). (The relation eq. (5.5) 
is also essentially the same as eq. (2.10). On the other hand, the relations eqs. (2.6) 
and (2.7) give rise to commutation relations for the higher modes that are implicitly 
defined in eq. (2.4) of [35].) Thus the isomorphism of the two algebras simply amounts 
to the identification 

1 1 


e(z) = ma ’ f(z) = / Paha, 


In terms of modes, this means that we have the identification 


(ii)? (ii)? 

e; = Dij 3 f; — 
"  Jhihg ” ’ hiha 

5.2 The relation to W,..[A] 
It is argued in [21], see Remark 8.28, that the SH° algebra is isomorphic to the 
universal enveloping algebra of Win realized via a Drinfeld-Sokolov construction 


Dilz), lz) =Elz). (5.18) 


_ (uy 
hiho 


Dig, W= Ej. (5.19) 


with level 

kps =k- N ; (5.20) 
where « is the parameter that appears in the definition of the SH°. The relation of 
the DS level kps and the usual coset level k is, see e.g., [36, eq. (7.52)] 


1 E 1 
ks tN k+N 


from which we conclude that the « parameter in SH* equals, in terms of the (N, k) 


+1, (5.21) 


parametrization 


= k+tN h 
ian ey oro eee hi’ 
where we have used (3.52) in the last step. This then precisely agrees with (5.1). In 


(5.22) 


terms of the parameters of the affine Yangian, the translation of the parameters is 


_ (hs)? 
hihə ` 


Note that the expression on the RHS is invariant under the scaling symmetry (2.23). 


k+K a = 


(5.23) 


The triality symmetry of the affine Yangian, which we studied in Section 3.4, 
has also an incarnation for the case of SH°; this was already studied in [37]. 
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5.3 N-tuple Young diagram representation of SH° 


The SH°® algebra acts naturally on a vector space whose basis vectors are labelled 
by an N-tuple of Young diagrams i= (Ai,..-,Aw). Here each A; is a Young 
diagram, and the representation is characterized by a vector of complex numbers 
ad = (a1,...,an). More specifically, each N-tuple Young diagram X is an eigenvector 
of the operator E(z) . 

E(2) [Na = Ex(2) Na, (5.24) 


E(zj= JI (1-35) Il (as a): (5.25) 


ERem(X) 


=>. 


Here Add(A) is the set of boxes that can be added to the N Young diagrams (so 
that the resulting configuration still describes an N-tuple of Young diagrams), while 


Rem(A) is the set of boxes that can be consistently removed. Furthermore, the 
function ọ(O) is defined via 


$0) = aye + h(E) + hoy) , (5.26) 


where i(C1) denotes which of the N Young diagram the box is associated to, while 
x(O) and y(O) are its (x,y) coordinate — here the Young diagrams lie in the zy- 
plane, with the first box having coordinates (x,y) = (0,0), and the different Young 
diagrams are lined up along the z-direction. (The alert reader will notice that this 
is a generalization of (2.29), to which it reduces if a; = h3(i — 1).) With these 
conventions, the action of D;(z) on these states is defined as 


je Add(A) oO) 
[=y Resu E5(w)]? 3 
D_i(z)e= > =e) A-ha , (5.28) 
ERem(X) 


where Res is the residue, while Do(z) acts diagonally as 


Di(2) Bye = ay Ma (5.29) 


EÀ 


Here the a; are treated as formal (independent) variables, and it follows by the same 
arguments as in [21] (see also [35]) that this defines a representation of SH°. 

For generic a;, there are N states at level one. To obtain more special represen- 
tations, in particular those with many null states, we need to choose special a;. The 
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most extreme example of this is the vacuum representation of Wi+oo, for which we 
choose (cf. the comment below eq. (5.26)) 


a; =at+h3(i—1). (5.30) 


It is not difficult to see that the numerator factor in (5.27) guarantees that one 
cannot add a box to the (i+ 1)'* Young diagram at position (x,y), if one could also 
add a box at position (x,y) to the it. Thus, starting from the configuration of N 
empty Young diagrams, one can only add a box to the (i +1) Young diagram if the 
corresponding position is already occupied in the i. The resulting configurations 
are therefore precisely the plane partitions, whose counting function agrees with the 
MacMahon function (and thus the vacuum character of Wi+oo). 

Similarly, the representations whose non-trivial asymptotics are described by the 
single Young diagram =“) are obtained upon choosing 


Oy =u + hg — hy (ES — 5%) , (5.31) 
alt 
= 
factor in (5.27) guarantees that one cannot add a box to the (i+ 1) Young diagram 


where Z% is the number of boxes in the j™ row of =). Indeed, then the numerator 


at position (x,y), if one could also add a box at position (x — n, y) to the it Young 


: = ale) _ a 
diagram, where n = =,’ — &; 


ae For n > 0 it is therefore possible to add a box 
to the (i + 1)" Young diagram at (x,y), even if the corresponding position has 
not yet been filled in the i"; effectively, this is equivalent to imposing a non-trivial 
asymptotic (described by =) for the first few Young diagrams, i.e., the resulting 
configurations are counted by plane partitions with boundary condition =. By 
the same reasoning, for the case where there are non-trivial boundary conditions 
both in the z- and the y-direction (described by the Young diagrams =) and 2%, 


respectively), the relevant formula becomes 
a; =a+h3(i—1) — hy BW” -h SE | (5.32) 


We should note that the action of D,,(z), see eq. (5.27), is essentially the same as 
that for the corresponding operator e(z), see eq. (2.26); in particular, apart from the 
hı- and h2-terms that effectively implement the non-trivial asymptotics (see above), 
(5.26) with a; being defined by (5.32) agrees with (2.29). 


6 Discussion 


In this work we have spelled out some of the relations between the W algebra and 
certain novel algebraic structures that have been studied in recent years such as the 
affine Yangian of gl, and the SH* algebra. We expect these alternative viewpoints to 
shed new light on both the W algebra as well as the Yangians. We have already seen 
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that the triality symmetry of W, which is not obvious in any of its conventional 
formulations, is manifest in the Yangian description. The Yangian picture is also 
very natural in the study of the degenerate representations of W in terms of plane 
partitions. 

We can also expect insight in the reverse direction. Yangian symmetries have 
played a role in understanding the two-dimensional integrable structures underlying 
planar gauge theories such as M = 4 super Yang-Mills. These symmetries act non- 
locally on the dual worldsheet description, which makes it difficult to tease out their 
consequences. As noted above, the map (3.59) between generic Yangian generators 
and those of W, is non-local. This suggests that we might be able to use (an 
analogue of) this relation, or rather, its inverse, to search for an alternative, local 
worldsheet description to the Yangians that appear in integrable spin chains [38]. It 
would also be particularly interesting to connect this to the work on integrability in 
AdS3/CFT»2 [39-42]. 

One of the original motivations for this work was to get a better handle on the 
unbroken stringy symmetries of AdS backgrounds, as captured by dual symmetric 
product CFTs, which are much bigger than W,,. It was shown in [23] that for A = 0 
and A = 1 the bosonic W,.[A] algebra can be extended to a much larger symmetry 
algebra, the analogue of the stringy W-algebra of the M = 4 superconformal case 
[8]. Given that the stringy W-algebra contains the W,, algebra as a subalgebra, it is 
natural to ask how it is related to the affine Yangian (or the SH° algebra). Unfortu- 
nately, we have not been able to find a direct relation between these structures so far. 
The stringy symmetry algebra is equivalent to the universal enveloping algebra of a 
complex boson theory — this is simply the familiar fact that the symmetry algebra 
of a symmetric orbifold is generated, in the large N limit, by the (single-particle) 
generators that are in one-to-one correspondence with all the states (including the 
multi-particle states) of the underlying seed theory. However, this identification does 
not seem to give rise to any simple relation between the stringy symmetry algebra 
and the universal enveloping algebra of Wi+o, i.e., the affine Yangian. On the other 
hand, the structure of the stringy symmetry algebra is fairly reminiscent of a Yan- 
gian algebra [23], and this could be a sign that yet another Yangian algebra plays an 
important role here. 
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A The construction of the local spin-4 field 


For the wedge modes of the spin-4 field we make the ansatz 


Wt; = —$lea, [e1, esl] (A.1) 
Ws, = =5 (le, es] + a3%o[é1, e2]) (A.2) 
W2, = e3 + o3o€2 — 3 (02 — ozp — ozy )er (A.3) 
Wo = iya + to3vow3 — 5 (02 — oap — 030) v2 (A.4) 
Wi = —f3 — ogthofa + £(o2 — ospi — 0305) ft (A.5) 
We = (ffn fs] + o3solfi, fal) (A.6) 
W3 = —3lLfi, (fi, fal] - (A.7) 


Again, they satisfy the correct commutation relations with the wedge modes of the 


Virasoro algebra 


for m = 0, +1. (A.8) 


n 


[Lm Wa] = (8m — n)W m4 


Some examples of their commutators with the spin-one generators are 


J, W3 
J, W3 
J2, W3 


J, Wf 


J, W9 


J_2, Ws3] 
J_3, W3] 
Ja w3] 


J2, Wy] 
J_3, w] 


J_2, We] 
[Jt W4)] 


= 3W3 (A.9) 
= 6W? — 303o L1 (A.10) 
= 9WÈ — 90zYoLo + 3(02 — afd? — 0301) Jo (A.11) 
= 8W? — hogwoLy (A.12) 
= 6W§ — 4o3toLo + (02 — ozp — 0301) Jo (A.13) 
= 9W3, - 2 o3oL_1 + 6(02 — ozy? — 030) J_1 (A.14) 
= 3We — o3boLo + £(o2 — 0306 — 31) Jo (A.15) 
= 6W2, — 5a3boL-1 + (02 — 030) — o3v1)J-1 (A.16) 
= 9W®, — 1203o L-2 + Flo — ozp — 0301) J_2—603(J_1J_1 — JoJ_2) 
= 3W2, — So3ob_1 + 2 (02 — 0305 — 31) I-41 (A.17) 


= 6W3, = 603W0L_2 + 2 (02 = oyi = 0301) J_9—303(J_1J_1 = JoJ_2) 
= 3W3, = 203o Lə + (o = ozy? = 0301) J_2—03(J_1J_1 = JoJ_2) : 


—27 = 


If Jm and WÅ are the modes of local quasi-primary operators, it follows from the 
general analysis of [27] that their commutator has to take the form 


[Jm,W4] = — 3mW3.,,, — 03 Yo 2 (8M + N)Lnin + Z (8m + n) ACn 
— (02 — p003 — 931) Z (5M? + 5mn +n? + 1)Jman , (A.18) 


where A® =: JJ : is the normal ordered product of the spin-one current with itself. 
(In principle, also a normal ordered field at s = 3 could have appeared, but this does 
not seem to be the case.) In any case, the bilinear contribution of the J-modes is 
not of the correct form — in particular, one would have expected an infinite sum of 
bilinear J modes, and the coefficient in front of it does not have the correct (m, n) 
dependence — and it therefore follows that the W* modes cannot be the modes of a 
local field. In order to correct for this we define, for |n| < 3, 


Z 1 1 
Wi = >, 3l- n| : Laat: + 53 — 2n*)O(2 — |n|) JoLn . (A.19) 


For |n| < 3, these modes then satisfy the quasi-primary condition, 


[Lm W4] =(8m—n)Wa,,, m=0,+1. (A.20) 
The modified s = 4 generators 
Vin = Wm — C3 3 (A.21) 
then satisfy for |n| < 3 and all m E€ Z, 
[Jims Vp] = —38mV2 in — ene mdm? +5mn+n?+1)JImin - (A.22) 


Their commutators with the Virasoro modes can be similarly determined to be 
[ms Vt] = (8m n 4 — MED (Toy + 80302) Eman s (A.23) 


where we have again assumed |n| < 3. Both of these commutators are then of the 
local form predicted by [27]. 

It should also be possible to extend the local modes V,* beyond the wedge, i.e. 
for |n| > 4. However, we have not found a closed formula for these modes. In any 
case, for the determination of the relevant structure constant, it suffices to consider 
the modes inside the wedge, see the discussion in Section 3.3. 
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